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Abstract
Interactions of relatively rotated Dp-branes in 1, 2, 3 and 4 angles in M(atrix)
model are calculated and it is found to be in agreement with string theory calcula-
tions. In 4 angles case the agreement is achieved after subtracting the contribution
of the single chiral fermionic zero mode.
M(atrix) model as a non-perturbative formulation of M-theory theory has activated a
great effort in studies for finding the unified string theory. The model is the dimensional
reduction of the 9+1 dimensional N = 1, U(N) SYM to 0+1 dimension. This theory has
passed several checks [2].
The aim of this letter is the calculation of interactions of rotated branes by the model
and comparing them with the known results to provide a further test for this model. In
summary we have found that the result of M(atrix) model calculation is in agreement with
similar ones in string theory. In the more novel case of rotated 4-branes with four angles
it is found that by removing the chiral fermionic zero mode in defining the determinant
one can recover the contribution R(−1)F of string theory to get the correct result.
Rotated D-branes are important due to their role in constructing configurations with
different fraction of preserved supersymmetry [3, 4]. Also in the 4 angles case they have
been considered in the context of anomalous creation of fundamental strings [5, 6, 7].
The BFSS Lagrangian in units 2piα′ = 1 is [1]
L =
1
2gs
Tr
(
DtXiDtXi + iθ
TDtθ +
1
2
[Xi, Xj ]
2 + θTγi[θ,Xi]
)
,
Dt∗ = ∂t ∗ −i[A0, ∗], i, j = 1, ..., 9, (1)
1
where Xi and θ are bosonic and fermionic SO(9) hermitian n × n matrices. The static
classical equations of motion with A0 = θ = 0 are
∑
i
[X i, [X i, Xj]] = 0. (2)
Every configuration with [X i, Xj] ∼ 1 and with the other X ’s vanishing are solutions of
(2).
Solutions which can be interpreted as Dp-brane have the form
Xcli = (B1, B2, . . . , Bp, 0, . . . , 0) , A
cl
0 = θ = 0 , (3)
where B1, . . . , Bp are n× n matrices with n large, with the commutation relations
[Ba, Bb] = icab1, a, b = 1, 2, . . . , p. (4)
By a proper rotation the anti–symmetric matrix cab can be brought to the Jordan form
cab =


0 ω1
−ω1 0
. . .
0 ωl
−ωl 0


, (5)
where 2l ≡ p = 2, 4, 6, 8.
These solutions can be represented by

X2i−1 = 1n1 ⊗ 1n2 ⊗ ...⊗ L2i−1√2pini qi ⊗ 1ni+1 ⊗ ...⊗ 1nl,
X2i = 1n1 ⊗ 1n2 ⊗ ...⊗ L2i√2pinipi ⊗ 1ni+1 ⊗ ...⊗ 1nl, l ≥ i
X i = 0, i > 2l = p,
(6)
where n1n2...nl = n and La’s are compactification radii, with commutation relations
[qi, pj ] = iδij 1ni.
The eigenvalues of q, p are uniformly distributed as
−
√
pini
2
≤ qi, pi ≤
√
pini
2
.
So the extension of solutions along Xi axis is Li →∞. Thus one can obtain
[X2i−1, X2i] =
i
2pini
L2i−1L2i1n, 0 ≤ i ≤ l, (7)
and correspondingly n
1
l
L2i−1L2i
= 1
2piωi
by ni ∼ n 1l [8].
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The configurations with four rotation angles can be obtained from the block-diagonal
matrices with two identical blocks describing a pair of Dp-branes. Translating along
the (p + 5)-th axis by the distance r from each other and rotating in opposite directions
through the angles ψ4/2, ψ3/2, ψ2/2 and ψ1/2, we obtain the configuration of two rotated
Dp-branes
Xcla =

 Ba 0
0 Ba

 , a = 1, . . . , p− 4,
Xclp−3 =

 Bp−3 cos ψ42 0
0 Bp−3 cos
ψ4
2

 , Xclp−2 =

 Bp−2 cos ψ32 0
0 Bp−2 cos
ψ3
2

 ,
Xclp−1 =

 Bp−1 cos ψ22 0
0 Bp−1 cos
ψ2
2

 , Xclp =

 Bp cos ψ12 0
0 Bp cos
ψ1
2

 ,
Xclp+1 =

 Bp sin ψ12 0
0 −Bp sin ψ12

 , Xclp+2 =

 Bp−1 sin ψ22 0
0 −Bp−1 sin ψ22

 ,
Xclp+3 =

 Bp−2 sin ψ32 0
0 −Bp−2 sin ψ32

 , Xclp+4 =

 Bp−3 sin ψ42 0
0 −Bp−3 sin ψ42

 ,
Xclp+5 =

 r2 0
0 − r
2

 , Acl0 = Xcli = 0, i = p+ 6, . . . , 9 . (8)
To calculate the one-loop effective action it is convenient to work with a compact form
of (1) after the Wick rotation t→ it and A0 → −iA0
L =
1
gs
Tr
(
1
4
[Xµ, Xν ]
2 +
1
2
θTγµ[Xµ, θ]
)
,
µ, ν = 0, 1, ..., 9, X0 = i∂t + A0, (9)
where sums are with Euclidean metric and γ0 = −i.
The one-loop effective action W with the backgrounds θ = Acl0 = 0 was calculated in
[9, 10]. In our notation the bosonic, fermionic and ghost contribution can be written as,
W = − ln
(
det−
1
2 (P 2λδµν − 2iFµν) · det
1
2 (∂t +
9∑
i=1
Piγi) · det(P 2λ )
)
, (10)
with Pν∗ = [Xclµ , ∗], Fµν ∗ = [fµν , ∗], fµν = i[Xclµ , Xclν ],
P 2λ = −∂2t +
9∑
i=1
P 2i and F0i = 0, (11)
which the last equality is true for static configurations with Acl0 = 0.
3
It is worth mentioning that the configurations with Fµν ≡ 0 for all µ, ν have vanishing
quantum corrections due to the algebra
W ∼ Trlog(P 2λ) (
10
2
− 16
4
− 1) = 0. (12)
By setting ω1 = ω2 = ... = ω one finds
f2a−1,2a = −ω ⊗ 1, a = 1, ..., l − 2,
fp−3,p−2 = −ω cos ψ3
2
cos
ψ4
2
⊗ 1, fp−3,p+3 = −ω cos ψ4
2
sin
ψ3
2
⊗ σ3,
fp−2,p+4 = ω cos
ψ3
2
sin
ψ4
2
⊗ σ3, fp+3,p+4 = ω sin ψ3
2
sin
ψ4
2
⊗ 1,
fp−1,p = −ω cos ψ2
2
cos
ψ1
2
⊗ 1, fp−1,p+1 = −ω cos ψ2
2
sin
ψ1
2
⊗ σ3,
fp,p+2 = ω cos
ψ1
2
sin
ψ2
2
⊗ σ3, fp+1,p+2 = ω sin ψ1
2
sin
ψ2
2
⊗ 1,
otherwise fab = 0, (13)
where σ3 is the Pauli matrix. Then
[Pp−3, Pp+3] = iω cos
ψ4
2
sin
ψ3
2
⊗ Σ3, [Pp−2, Pp+4] = −iω cos ψ3
2
sin
ψ4
2
⊗ Σ3,
[Pp−1, Pp+1] = iω cos
ψ2
2
sin
ψ1
2
⊗ Σ3, [Pp, Pp+2] = −iω cos ψ1
2
sin
ψ2
2
⊗ Σ3,
otherwise Fab = 0, Pp+5 =
r
2
⊗ Σ3, (14)
where Σ3∗ = [1⊗ σ3, ∗]. Σ3 has 2, -2, 0 and 0 as eigenvalues.
We define the following parameters for later conventions:
U1 = 2ω cos
ψ4
2
sin
ψ3
2
, U2 = 2ω cos
ψ3
2
sin
ψ4
2
,
U3 = 2ω cos
ψ2
2
sin
ψ1
2
, U4 = 2ω cos
ψ1
2
sin
ψ2
2
. (15)
So one finds for (10)
W = − ln
(
det−1(P 2λ )
×det− 12 (P 2λ − 2U1)det−
1
2 (P 2λ + 2U1)
×det− 12 (P 2λ − 2U2)det−
1
2 (P 2λ + 2U2)
×det− 12 (P 2λ − 2U3)det−
1
2 (P 2λ + 2U3)
×det− 12 (P 2λ − 2U4)det−
1
2 (P 2λ + 2U4)
×det(P 2λ) det
1
2 (∂t +
9∑
i=1
Piγi)
)
. (16)
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In the cases of our interest we have [Xclµ , fµν ] = c − number, and so P 2λ and Fµν are
simultaneously diagonalisable.
1) Four angles
The four angles case is allowed only for 4-branes, p = 4 = 2l. Also in the four angles
case the second term in (10) can not bring to the Klein-Gordon form because of the
absence tenth 16 × 16 matrix which anti-commutes with all the γi’s. But an expansion
for small r is possible and one finds
− ln det 12 (∂t +
9∑
i=1
Piγi) = −1
2
Tr ln(∂t +
8∑
i=1
Piγi + P9γ9) =
−1
4
Tr ln(P 2λ +
i
2
Fijγij)− r
2
Tr(
1
∂tγ9 +
∑8
i=1 Piγ9γi
) +O(r2), (17)
which the last trace is shown to vanish in the Appendix.
The eigenvalues of P 2λ can be read from (14). Zero eigenvalues of Σ3 will not have
any contribution to the effective action because of (12). The other two eigenvalues force
(Pp−3, Pp+3), (Pp−2, Pp+4), (Pp−1, Pp+1) and (Pp, Pp+2) to behave as harmonic oscillators
with their related frequencies to be read from (14). The eigenvalues of P 2λ are
E = r2 + q20 + 2
4∑
a=1
Ua(ka +
1
2
), (18)
with q0 as eigenvalues of i∂t, and ka as harmonic oscillator numbers.
Using Schwinger’s time representation, one finds the one-loop effective action W as,
W =
∫
dt
∫ ∞
0
ds
s
e−s(q
2
0
+r2)
∞∑
k1,···,k4=0
e−s
∑
4
a=1
Ua(2ka+1)
×

2 4∑
a=1
(e−2sUa + e2sUa)− ∑
s1,...,s4=±1
e−s
∑
4
a=1
Uasa

 , (19)
where s1,2,3,4 are the eigenvalues of the commutative matrices iγ17, iγ82, iγ35, iγ64 re-
spectively and the terms in the last bracket come from bosons and fermions respectively.
In the above expression for W one can specify the contribution of a chiral fermionic zero
mode defined by (
8∑
i=1
Piγi
)
θ0 = 0,
for k1 = k2 = k3 = k4 = 0 and s1 = s2 = s3 = s4 = −1 in (19) ∗ [5, 11].
∗By chirality we mean in the 8 dimensional subspace defined by the two 4-branes as
(iγ17)(iγ82)(iγ35)(iγ64)θ0 = (−1)4θ0 = γ1γ2γ3γ4γ5γ6γ7γ8θ0 = γ9θ0.
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To calculate the one-loop effective action one should project out the contribution of
the chiral fermionic zero mode [12, 13] to be done here as †
W ′ =W −
∫
dt
∫ ∞
0
ds
s
e−s(q
2
0
+r2)(−1). (20)
By putting ω << 1 one finds,
W ′ =
∫
dt
∫ ∞
0
ds
s
(
pi
s
) 1
2
e−sr
2
×
∑4
a=1 cos(2ψa)− 4
∏4
a=1 cosψa + 4
∏4
a=1 sinψa +O(s2)
4
∏4
a=1 sinψa
, (21)
and finally
W ′ = −2√pi
∫
dt
∑4
a=1 cos(2ψa)− 4
∏4
a=1 cosψa + 4
∏4
a=1 sinψa
4
∏4
a=1 sinψa
|r|, (22)
in agreement with string theory calculations [3].
The above interaction vanishes in ψ1 + ψ2 + ψ3 + ψ4 = 0 (mod 2pi) cases, signalling
enhancement of SUSY. An equivalent result is obtained in [3] by considering interactions
of rotated Dp-branes, and in [4] by studying the SUSY algebra for rotated M-objects.
2) Three angles
By putting ψ4 = 0 in (8) one finds the relevant configuration and commutation rela-
tions for the 3 angles case. Again the 3 angles are accessible only for p = 4.
The eigenvalues of P 2λ can be read from (14). Zero eigenvalues of Σ3 will not have
any contribution to the effective action because of (12). As the four angles case one has
harmonic oscillators with their related frequencies to be read from (14). The eigenvalues
of P 2λ are
Eq,p,k = r
2 + q20 + p
2
1 cos
2 ψ3
2
+ 2
∑
a=1,3,4
Ua(ka +
1
2
), (23)
with q0 and p1 as eigenvalues of i∂t and P2 respectively, and ka as harmonic oscillator
numbers.
The one-loop effective action is given by (16) and using ‡
− ln det 12 (∂t +
9∑
i=1
Piγi) = −1
4
Tr ln(P 2λ +
i
2
Fijγij), (24)
one can calculate W
W ∼
∫
dt
∑3
a=1 cos(2ψa)− 4
∏3
a=1 cosψa
cos ψ3
2
∏3
a=1 sinψa
ln |r| (25)
†The same is true for D0-D8-brane system studied in [14].
‡Here equality is exact in contrast to (17) because at least one of Pi’s is zero.
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which is in agreement with string theory results [3].
3) Two angles
By putting ψ4 = ψ3 = 0 in (8) the eigenvalues of P
2
λ are (2l = p)
Eq,p,k = r
2 + q20 +
l−1∑
i=1
(q2i + p
2
i ) + 2
∑
a=3,4
Ua(ka +
1
2
). (26)
where q and p’s are the eigenvalues of those P ’s which do not behave as harmonic oscil-
lators. After calculations similar to the above cases, for large separation between branes
we find:
W ∼ (cosψ1 − cosψ2)
2
sinψ2 sinψ1
(
1
r5−p
)
+ · · ·, (27)
which is in agreement with string theory results [3].
The above interaction vanishes in ψ2 = ψ1 cases, signalling enhancement of SUSY
[3, 4].
4) One angle
By putting ψ4 = ψ3 = ψ2 = 0 one finds the eigenvalues of P
2
λ as
Eq,p,k = r
2 + q20 +
l−1∑
i=1
(q2i + p
2
i ) + cos
2 ψ1
2
q2l + 2U3(k3 +
1
2
). (28)
For large separation between branes we find:
W ∼ tan ψ1
2
sin2
ψ1
2
1
r6−p
+ · · ·, (29)
again in agreement with string theory results [3, 15].
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Appendix
Here we calculate the trace appeared in (17).
Tr
(
1
∂tγ9 +
∑8
i=1 Piγ9γi
)
= Tr
(
γ9
∂t +
∑8
i=1 Piγi
)
.
Multiplying the denominator and the nominator by −∂t+∑8i=1 Piγi and using Schwinger’s
time representation one finds
Tr
(
γ9
∂t +
∑8
i=1 Piγi
)
= Tr
(
γ9(−∂t+
8∑
i=1
Piγi)×
∫ ∞
0
ds exp{−s[−∂2t +P 2i +
i
2
8∑
i,j=1
Fijγij]}
)
.
The term proportional to −∂t vanishes because it is an odd function with respect to the
eigenvalues of ∂t in the trace. The next 8 terms containing γi’s give zero because they are
multiplications of odd numbers of γ matrices in the even number of γ of exponential, by
knowing γ9 = γ1γ2γ3γ4γ5γ6γ7γ8.
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